STRATEGIC EXPERIMENTATION WITH HUMPED BANDITS
SVETLANA BOYARCHENKO∗
∗

Department of Economics, The University of Texas at Austin,
2225 Speedway Stop C3100, Austin, TX 78712, U.S.A.
e-mail: sboyarch@eco.utexas.edu

Abstract. Risks related to events that arrive randomly play important role in
many real life decisions, and models of learning and experimentation based on twoarmed Poisson bandits addressed several important aspects related to strategic and
motivational learning in cases when events arrive at jump times of the standard
Poisson process. At the same time, these models fail to explain some interesting
features of reality. We suggest a new class of models of strategic experimentation
which are almost as tractable as exponential models, but incorporate such realistic
features as dependence of the expected rate of news arrival on the time elapsed
since the start of an experiment and judgement about the quality of a risky arm
based on evidence of a series of trials as opposed to a single evidence of success or
failure as in exponential models with conclusive experiments. We show that, unlike
in the exponential models, players may stop experimentation before the first failure
happens. We also demonstrate a crowding out effect in models with profitable
breakthroughs.
Keywords: stopping time games, time-inhomogeneous Poisson process, strategic
experimentation, breakdowns, breakthroughs
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1. Introduction
1.1. Motivation. This paper suggests a new class of learning and experimentation
models based on humped bandits. The proposed models are almost as tractable as
models based on Poisson bandits and generate qualitatively new results. The models
based on humped bandits can used as a framework for experimentation related to
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safety of medications or pollutants that have a potential for accumulation and long
term storage in a human body; for timing exit decisions of financial institutions dealing with risky assets whose riskiness may accumulate over time; for designing grant
competitions for long term projects; or for determining optimal terms of politicians.
In many situations in real life, it is necessary to quantify risks related to events
that arrive at random times, as well as frequency of their arrivals. For example, in
finance, it is necessary to evaluate default risks of borrowers or assets and default
rates. In pharmaceuticals, it is necessary to evaluate possible side effects of a new
drug or its efficiency. In any kind of sponsored research, sponsors have to figure out
the probability of success, and so on. However, small chances of arrivals of random
events may increase as time goes by. For example, strong hurricanes are expected to
happen more and more frequently as a result of the global warming. Chemicals that
have an ability to deposit in areas of human body that are rich in fat are more likely
to impair health after they have been used for a longer time. A risky borrower is less
likely to default immediately upon the loan initiation than some time after. When
a researcher starts a new research project, sponsors hardly expect her to generate
immediate success even when they have high beliefs in the quality of the project. All
aforementioned situations can be modeled if one assumes that the rate of arrival of
random events increases in time.
Suppose now, that a priory, it is not known whether the rate of arrival of future
events in some of the above examples is zero or positive. For example, a new financial
instrument may never default, or it may default at a random time in the future. In this
case, will it be optimal for a financial institution to keep using this instrument until a
default happens (if ever) or stop using it before anything happens? If one assumes that
the rate of arrival of default remains constant independently of how long the asset has
been used, then it is optimal to use it until the default. However, if one assumes that
the rate of arrival of default is an increasing function of time, it may become optimal
to get rid of the asset before anything happens. For example, in February 2007, just
before everything fell apart, Goldman Sachs sold thousands of subprime mortgages to
investors. In July 2016, the Fixed Income Clearing Corporation (FICC) filed with the
Securities and Exchange Commission (SEC) a proposal to suspend interbank service
of the General Collateral Finance (GCF) Repo service. One of the major post-crisis
innovations to the Collateralized Debt Swaps (CDS) market was the introduction
of central clearing for certain types of contract. In the US, index (CDX) contracts
are mandatory cleared on ICE Clear and the Chicago Mercantile Exchange (CME).
ICE started clearing index contracts in March 2009, and CME started clearing index
contracts in December 2009. Clearing involves risk, so in September 2017 CME
announced exit from CDS clearing business.
1.2. Related literature. There is an extensive literature on learning and experimentation based on so called two or muti-armed bandits. A standard “two-armed”
bandit is an attempt to describe a hypothetical experiment in which a player faces two
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slot machines; the quality of one of the slots is known (safe arm), and the other one
(risky arm) may be good or bad. In case of so called “conclusive” experiments - the
first event observed on the risky arm reveals its quality completely, so the experiment
is over, when the first (“conclusive”) success or failure is observed. Bandit models were successfully used in various settings in economics, for example, learning and
matching in labor markets, monopolist pricing with unknown demand, choice between
R&D projects, or financing of innovations (see, e.g., [1, 2, 3, 4, 5, 6, 20, 28, 30, 31]
and references therein).
Models of strategic learning and experimentation extend “two-armed” bandit experiments to a setting where several players face copies of the same slot machine.
Players then learn about the quality of the risky arm not only from outcomes of their
own experiments, but also from their colleagues. In models of strategic experimentation, it is common to assume away payoff externalities and focus on information
externalities, the role of information, and, in more advanced settings, on design of
information. See, for example, [7, 10, 18, 19, 21, 22]. Recent developments include
(but are not limited to) correlated risky arms as in Klein and Rady [23] and Rosenberg et al. [29], or private payoffs as in Heidhues et al. [15] and Rosenberg et al.
[29], or departures from Markovian strategies as in Hörner et al. [18]. For other
developments and an excellent comprehensive review of the literature see Hörner and
Skrzypacz [16] and references therein.
In continuous time models, the payoff generated by the risky arm of a “two-armed”
bandit follows a certain continuous time stochastic process whose parameters are
not known. For example, Bolton and Harris [7] model the unknown payoff as a
Brownian motion with unknown drift and known variance in a model of strategic
experimentation. Decamps et al. [11, 12] study timing a fixed size investment into
a risky project with the payoff generated by a Brownian motion with unknown drift
and known variance. Keller et al. [19], Keller and Rady [21, 22] use a Poisson process
with unknown rate of arrival to model the risky arm. Decamps and Mariotti [10]
study a duopoly model of investment where a signal about the quality of the project
is modeled as a Poisson process. Cohen and Solan [8] bridge the gap between the
Brownian motion and Poisson bandits and consider “two-armed” bandits, where the
risky arm yields stochastic payoffs generated by a Lévy process.
There are typically, two kinds of Poisson bandits models: bad news models and
good news models. Bad news are costly failures, and good news are profitable successes; the type of news is know before an experiment starts. The main feature of
exponential bandits models is that the rate of arrival of news over a time interval
(t, t + ∆t) is independent of t if the quality of the risky arm is known. This is
convenient for tractability, but not very realistic.
As a result of the above assumption, the rate of arrival of news is decreasing in
time, if the quality of the risky arm is unknown. If nothing happens in the model with
potentially bad news, players become more and more optimistic about the quality
of the risky arm. Therefore, if it is optimal to start experimentation at the prior
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beliefs levels, experimentation never stops until the first breakdown occurs (if ever).
On the contrary, if no successes arrive in the model with potentially good news,
players become more and more pessimistic about the quality of the risky arm, and
experimentation always stops in finite time, unless the first success arrives earlier. Due
to the above, players experiment too long in bad news models, and experimentation
levels in good news models are too low.
The papers which are mostly close to our paper are Keller et al. [19] Keller and
Rady [21, 22] and Rosenberg et al. [29]. Keller et al.[19] and Keller and Rady [21]
study good news model, and [22] study bad news model; in either model, news arrive
at the jump times of Poisson processes which are independent. Rosenberg et al. [29]
consider an irreversible exit problem in a model with breakthroughs with correlated
risky arms both in the case when payoffs are public and private.
1.3. Overview of the results. We propose a class of experimentation models where
the rate of arrival of news is increasing in time, if the quality of the risky arm is known.
If the quality of the risky arm is unknown, the rate of arrival of news becomes humpshaped. Right after the experiment starts, the rate of arrival increases in time until
it reaches a certain maximal level; then it starts decreasing and behaving more and
more as a negative exponential as the experiment “grows older.” The longer the experimenter observes no bad news, the more optimistic she becomes about the quality
of the risky arm, but at the same time, if the risky arm is bad, the rate of arrival
of a failure grows, and these two opposite movements may make stopping before the
first breakdown optimal. If such stopping is optimal, it happens where the rate of
arrival of news is increasing. As opposed to this, in a model with breakthroughs,
experimentation does not stop while the rate of arrival of good news keeps growing,
even though experimenters become more pessimistic about the quality of the risky
arm. Khan and Stinchcombe [24] find similar results in semi-Markovian decision
theory. Namely, they identify two classes of situations in which delay in decision
systems is optimal: in the first class delay is optimal when the hazard rate of further
changes is increasing, and in the second class, delay is optimal when the hazard rate
is decreasing.
We show that, in the absence of news, it is not optimal to stop experimentation
until the rate of arrival of news reaches a certain critical level. In a model with
failures, a player stops experimentation when the marginal benefit from staying active
equals the expected marginal cost. Stopping prior to the first arrival of bad news is
a new result, which makes our model qualitatively different from the Poisson bandits
models.
If the marginal benefit of staying active is higher than the expected marginal
cost at any time, the player never stops before the first failure is observed (if ever).
In a model with breakthroughs, a player stops experimentation when the expected
marginal benefit from staying active equals the marginal cost. If parameters of a
good and bad news models are such that the cutoff expected rates of the news arrival
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are the same, experimentation in the good news model lasts longer than in the bad
news model, provided no news arrive in either model, which is another qualitative
difference from experimentation models based on Poisson bandits.
We show that in generic cases in the bad news model, in equilibrium, all players
either do not stop until the first failure is observed, or stop simultaneously before
the first failure. While the critical level that the hazard rates have to rich before the
players stop is independent of the number of players, it takes longer (respectively,
shorter) to rich this level as the number of players increases in the bad news model
(respectively, in the good news model). In either case, the critical values of the hazard
rates are the same as in case of cooperative experimentation - from this perspective,
there is no loss of efficiency in strategic experimentation. Another interesting effect
which can be observed in our model, and it is absent in the corresponding exponential
model is crowding out. For each critical value of the hazard rate in the good news
model, there exists a critical number of players, say, n∗ , s.t. experimentation is
profitable for n < n∗ players and not profitable for n ≥ n∗ players. Existence of the
crowding out effect may have interesting policy implications for designers of grant
competitions, innovation contests etc.
The rest of the paper is organized as follows. The primitives of the experimentation
model are decribed in Section 2. The stopping game is described in Section 3. Section
4 considers a stopping time game in a bad news model. The detailed analysis of the
game and construction of subgame perfect equilibria are in Section 5. A stopping
game in a good news model is analyzed in Section 6. Generalizations for more general
intensities of the news arrival are outlined in Section 7. Section 8 concludes. Technical
proofs are relegated to the appendix.
2. Model decription
2.1. The setup. Time t ∈ R+ is continuous, and the discount rate is r > 0. Let
n symmetric players experiment with risky projects of unknown quality, such as a
nuclear technology, a defaultable loan, or a new drug. The quality of a project is
identified with its ability to generate news (or observations). The quality depends
on the state of the nature denoted by θ ∈ {0, 1}. If θ = 0, the project generates no
news; if θ = 1, the project generates news that arrive at random times of a timeinhomogeneous Poisson process. News can be good (profitable breakthroughs) or bad
(costly breakdowns). In the real life the nature of news may not be known in advance,
for instance, a drug developer may not know if the drug will be effective to cure a
targeted decease of cause serious side effects. In this paper, we follow a tradition in
the bulk of experimentation literature and assume that the type of news is known
before the experimentation starts.
We leave for the future study the case when the players can have projects of different
types, and the types may be positively of negatively correlated as in Rosenberg et al.
[29] or Klein and Rady [23], and assume that the quality of the projects is the same
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for all players, so that if one of the players receives a piece of news, the other players
conclude that their projects generate the same type of news for sure. Processes for
news arrival are independent of each other, but have the same characteristics. The
initial common prior assigns probability π̄ ∈ [0, 1] to θ = 1.
2.2. Uncertainty. In this Section, we specify the model primitive, evolution of beliefs and rates of arrival of news. We also characterize properties of beliefs and hazard
rates that will be used later in construction of equilibria. The primitive of the model
is the rate of arrival (hazard rate) of news at time t of a single project when π̄ = 1.
Denote this hazard rate by Λ1 (1; t). Here and below the subscript indicates the
number of active projects/players, and the first argument specifies the prior belief.
Assume that the hazard rate satisfies the following properties:
(i) Λ1 (1; 0) = 0;
(ii) Λ1 (1; t) is continuous and increasing in t.
The first property simplifies some of the technical proofs, but it will be relaxed in
Section 7, where alternative models for the hazard rate will be presented. The second
property introduces a natural dependence of the rate of arrival on the time which has
elapsed since the start of an experiment. As the leading example, we use
λ2 t
Λ1 (1; t) =
,
(2.1)
1 + λt
where λ > 0. This hazard rate corresponds to the case when the time of news arrival
is Erlang(2, λ) random variable1. Note that, in this case, the expected time until the
first observation is 2/λ.
If π̄ = 1, the probability of the event that no news is observed before t by a single
experimenter is

 Z
t

p1 (1; t) = exp −

Λ1 (1; s)ds .
(2.2)
Rt
Clearly, p1 (1; 0) = 1, and by property (ii), limt→∞ 0 Λ1 (1; s)ds = +∞, therefore
limt→∞ p(1; t) = 0. For the leading example, p1 (1; t) = (λt + 1)e−λt .
If π̄ < 1, the probability of the event that no news is observed before t by one
experimenter is
p1 (π̄; t) = 1 − π̄ + π̄p1 (1; t).
(2.3)
Obviously, p1 (π̄; 0) = 1, and limt→∞ p1 (π̄; t) = 1 − π̄. Furthermore, p1 (π̄; t) is decreasing in t, because
0

∂t p1 (π̄; t) = π̄∂t p1 (1; t) = −π̄Λ1 (1; t)p1 (1; t) < 0 ∀ t > 0;

(2.4)

here and below ∂t denotes the partial derivative w.r.t. the second argument.
If n players experiment, the probability of no news arriving before time t is
pn (π̄; t) = 1 − π̄ + π̄p1 (1; t)n .
1The p.d.f.

(2.5)

of Erlang(k, λ) distribution for k ≥ 1 and λ > 0 is given by f (t) = λk tk−1 e−λt /(k−1)!.
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If no news were observed until time t, the posterior belief assigns the probability
πn (π̄; t) to the event θ = 1, and, by the Bayes rule,
πn (π̄; t) =

π̄p1 (1; t)n
.
pn (π̄; t)

(2.6)

Straightforward differentiation shows that
∂t πn (π̄; t) = −nΛ1 (1; t)πn (π̄; t)(1 − πn (π̄; t)) < 0 ∀ t > 0.

(2.7)

The posterior belief is decreasing in t - the more time passed without any observations,
the lower is the probability that the risky project will generate news.
Lemma 2.1. Let n > 1. For any t0 > 0,
(i) πn (π̄; t0 ) < πn−1 (π̄; t0 );
(ii)
πn (π̄; t0 ) = πn−1 (π1 (π̄; t0 ), t0 );
0

(2.8)
0

(iii) functions πn (π̄; t) and πn−1 (π1 (π̄; t ), t intersect only at t = t ; and
(iv)
πn (π̄; t0 ) < πn−1 (π1 (π̄; t0 ), t)) ⇔ t > t0 .

(2.9)

The first statement says that any level of beliefs will be reached faster if more
players experiment, starting with the same prior. The second and third statements
say that if one of the n players stops experimentation at t0 , the rest n − 1 players
continue with the starting belief π1 (π̄; t0 ), and this new belief is unique. The last
statement says that beliefs of the remaining n − 1 players decrease slower than beliefs
of n players if none of the n players had stopped. See Section 9.1 for the proof.
Next, we define the rate of arrival of observations at time t when n ≥ 1 players
experiment with the projects of unknown quality:
Λn (π̄; t) = nΛ1 (1; t)πn (π̄; t).
Since the players are symmetric, each of them is equally likely to receive the first
news, therefore the individual hazard rate is
1
Λn (π̄; t) = Λ1 (1; t)πn (π̄; t).
(2.10)
n
Since πn (π̄; t) < πn−1 (π̄; t) for all t > 0,
1
1
Λn (π̄; t) <
Λn−1 (π̄; t) ∀ t > 0.
(2.11)
n
n−1
The next result describes changes in the hazard rates when the first of n players stops
experimentation.
Lemma 2.2. Let Λ1 (1; t) satisfying the standing assumptions (i)-(ii) be of the class
C 1 w.r.t. the second argument, let there exist ∂t Λ1 (1; +0), and let it be finite. Then
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(a) Bad news model

(b) Good news model

Figure 1. Erlang-2 vs. exponential model
1
Λn−1 (π1 (π̄; t0 ); t) intersect only at t = 0
(a) for any t0 > 0, functions n1 Λn (π̄; t) and n−1
and t = t0 ; and
(b)
1
1
Λn (π̄; t) <
Λn−1 (π1 (π̄; t0 ), t) ⇔ t > t0 .
(2.12)
n
n−1

See Section 9.2 for the proof. The following result describes the shape of the
hazards rates.
Lemma 2.3. Let Λ1 (1; t) satisfying the standing assumptions (i)-(ii) be of the class
C 2 w.r.t. the second argument, and let also the following properties hold:
(iii) there exists ∂t Λ1 (1; +0), and it is finite;
(iv)


1
2
∂t
> 0, ∀ t > 0;
Λ1 (1; t)
(v) and


−1
lim ∂t
< 1.
t→∞
Λ1 (1; t)
Then as a function of t, Λn (π̄; t) has the global maximum t̂n = t̂n (π̄).
Lemma 2.3 states that the hazard rate Λn (π̄; t) is hump-shaped. In the exponential
model, the corresponding hazard rate Λexp
n (π̄; t) = nλπn (π̄; t) is proportional to the
beliefs. Since the beliefs are decreasing in time, the hazard rate is also decreasing.
Exponential bandits models use the beliefs at time t as the state variable and formulate optimal stopping strategies in terms of critical beliefs. In our model, stopping
strategies have to be formulated in terms of critical hazard rates, and the hazard
rate at time t is a natural state variable. Let A > 0 denote the critical value. If
A ≥ Λn (π̄; t̂(π̄)), the players either never start experimentation (in case of the good
news model) or never stop before the first failure arrives (in the bad news model). If
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A < Λn (π̄; t̂(π̄)), then the equation
A = Λn (π̄; t)
has two solutions. In the bad news model, the smaller solution is the local maximum
and the larger solution is the local minimum of the value function of a player. In the
good news model, the smaller solution is the local minimum and the larger solution is
the local maximum of the value function of the player. As opposed to this, equation
A = Λexp
n (π̄; t)
has at most one solution, which is the local minimum of the value function in the bad
news model, and the local maximum of the value function in the good news model.
See Fig. 1 for illustration of the leading example. That is why in the exponential
model, players never stop before the first breakdown happens. In our model, it may
be optimal to stop before the first failure. Later, we provide conditions on the model
primitives which ensure that the local maximum of the value function is also the
global maximum.
Proof. Rewrite the derivative (9.2) as


1
∂t Λ1 (1; t)
2
∂t Λn (π̄; t) = Λ1 (1; t) πn (π̄; t)
− n(1 − πn (π̄; t)) .
n
Λ1 (1; t)2
Observe that the function
∂t Λ1 (1; t)
f (t) :=
= −∂t
Λ1 (1; t)2



1
Λ1 (1; t)



is strictly decreasing due to assumption (iv); limt→+0 f (t) = +∞ by assumptions (i)
and (iv); and limt→∞ f (t) < 1 by assumption (v). The function φ(t) := 1 − πn (π̄; t)
is strictly increasing; φ(0) = 1 − π̄, and limt→∞ φ(t) = 1.
The sign of the derivative ∂t Λn (π̄; t) is determined by the sign of the difference
f (t) − φ(t). The difference is a continuous decreasing function which is positive in a
right neighborhood of zero and negative for sufficiently large t. Hence there exists a
unique t̂n = t̂n (π̄) > 0 s.t. f (t̂n (π̄)) = φ(t̂n (π̄), and
f (t) > φ(t) ⇔ t < t̂n (π̄).
Hence, t̂n (π̄) is the global maximum of Λn (π̄; t).



3. Stopping game
In this Section, we will focus on the case of two players. By induction, the results
can be extended to the case n > 2 in a straightforward manner.
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3.1. Strategies. We consider the game of timing, characterized by the following
structure. Two players experiment with projects of unknown quality as described in
Section 2. All payoffs, function Λ1 (1; t), and the players’ actions are public information. W.l.o.g. assume that the game starts at t = 0. At each point t ≥ 0, player
i ∈ {1, 2} may make an irreversible stopping decision conditioned on the history of
the game.
At any t ≥ 0, the history of the game includes observations of news arrivals (including the empty set if no observations arrived up to time t) and the actions of the
players. As far as the actions are concerned, only two sorts of histories matter in the
stopping game: (i) both players are still in the game; (ii) at least one player exited
the game.
Let Ti ∈ R+ denote the exit time of player i. Define the function
(
Ti , if Ti ≤ t,
t̃i (t) =
∞, otherwise.
Let τis denote a random time, when player i got news for the sth time. The history
of observations at any t ≥ 0 is
0

00

Ot = {(τ1s )}s0 ≤t∧T1 ∪ {(τ2s )}s00 ≤t∧T2 .
A typical history h at time t is ht = (Ot , t̃1 (t), t̃2 (t)). If Ti < Tj , we call player i the
leader, and player j the follower.
For simplicity, we will consider the case, when experimentation stops after the first
observation. This supposition can be justified either by assumption that learning the
true quality of the project is the only objective of the players, or by an appropriate
specification of the payoff functions. In particular, in the bad news model, we assume
that an active player gets a flow payoff rR > 0 as long as no failure was observed.
This stream can be viewed, for example, as sponsored research contributions, or
revenue generated by a project net of insurance costs, or mortgage payments. If the
project is bad, then after the first failure, the stream of revenues disappears (e.g., the
sponsor withdraws support from a pharmaceutical company as soon as a side effect of
a new drug is observed; the insurance company increases the premium to the extent
that offsets the revenue stream of a faulty technology; a borrower is not able to make
monthly payments after a default, etc). Given this assumption, experimentation after
the first failure becomes non-profitable, so the players stop experimenting as soon as
they learn that the quality of the project is bad. In the good news model, we assume
that as soon as the first success is observed, the player who achieved the success wins
the prize, the other experiment participants get the value of the outside option, and
the game is over.
Due to the above assumption, if Ot 6= ∅, the game is over. Since any agent
which remains in the game exits at the moment of the first observation, we may
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define the strategies only for the histories of the form ht (∅, t̃1 (t), t̃2 (t)). Denote by
1
1
(Ωj , F j , {Fsj }∞
s=0 ) the filtered measure space generated by Tj and τ = τ1 ∧ τ2 .
Definition 3.1. A strategy for player i ∈ {1, 2} in the game starting at t = 0 is
a process qi taking values in [0, 1], adapted to the filtration {Fsj }∞
s=0 , j 6= i, with
non-increasing, left-continuous with right limits (LCRL) trajectories; and qi (0) = 1.
Denote by Ht the set of histories up to time t, s.t. Ot = ∅. Following Laraki et al.
[25], and Dutta and Rustichini [13], for any time t > 0, define a proper subgame as
the timing game that starts at the end of the history h ∈ Ht .
Definition 3.2. A strategy for player i ∈ {1, 2} in a subgame starting at t > 0, after
a history h ∈ Ht , is a process qit,h taking values in [0, 1], adapted to the filtration
{Fsj }∞
s=t , j 6= i, with non-increasing, left-continuous with right limits (LCRL) trajectories; and qit,h (t) = 1.
Note that qi (t) is the probability that player i did not exit at time t or earlier,
conditioned on no observations up to time t, and qit,h (s) is the probability that player
i did not exit during [t, s], conditioned on being active at t and no observations up
to time s, given the history h ∈ Ht . In either of the definitions above, we allow for
the case qi (+∞) > 0 and qit,h (+∞) > 0, which means that player i decides not to
exit ever with the positive probability qi (+∞) and qit,h (+∞), respectively, unless a
failure happens. Thus, the probability that the player will not exit is qi (+∞)π̄ and
qit,h (+∞)π̄, respectively.
Definition 3.3. A strategy of player i is called consistent, if for any 0 ≤ t ≤ t0 ≤ s,
and h ∈ Ht and h0 ∈ Ht0 such that h0 |[0,t] = h,
0

0

qit,h (s) = qit,h (t0 )qit ,h (s).
With slight abuse of notation, we write qit instead of

(3.1)
qit,h .

3.2. Value functions and equilibrium. In order to define value functions of the
players in this game, we will use the following version of the definition of the RiemannStieltjes integral.
Definition 3.4. Assume that the following conditions hold
(i) q, Ψ : [0, +∞) → R are bounded LCRL functions;
(ii) q is of finite variation;
(iii) the singular continuous component of the Lebesgue decomposition of q is trivial;
(iv) I is an interval of one of the following forms: (a, b), [a, b), (a, b], [a, b], [a, +∞), (a, +∞),
where 0 ≤ a < b < +∞ or a union of non-intersecting intervals of this form.
Define
Z
Z
X
Ψ(s)dq(s) = Ψ(s)q 0 (s)ds +
Ψ(tj )∆q(tj ),
(3.2)
I

I

where ∆q(tj ) := q(tj + 0) − q(tj ).

tj ∈I:∆q(tj )6=0
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Let Gi (π̄; t) denote the instantaneous expected payoff flow of player i if none of
the players stopped until time t > 0. Let Fi (π̄; t) denote the expected time t value of
player i if player j stopped at time t, and player i did not. Finally, let S ≥ 0 denote
the value of the outside option. From now on, we will consider the simple strategies
q1 , q2 , whose singular continuous components of the Lebesgue decompositions are
trivial. Given the strategy profile (qi , qj ), the value of player i in the game that starts
at t = 0 is
Z ∞
e−rt p2 (π̄; t)Gi (π̄; t)qi (t)qj (t)dt
(3.3)
Vi (π̄; qi , qj ) =
0
Z
e−rt p2 (π̄; t)Fi (π̄; t)qi (t)(−dqj (t))
+
{t≥0 | ∆qi (t)=0}
Z ∞
e−rt p2 (π̄; t)Sqj (t)(−dqi (t)).
+
0

Here the first integral is the expected present value of the flow payoffs Gi (π̄; t) conditioned on both players being active (which happens with probability qi (t)qj (t)) and
on no news arrival before time t (which happens with probability p2 (π̄, t)). The second integral is the the expected present value of the payoff that player i gets at time
t, provided this player is still active at t, player j stopped at t, and nothing else happened before t. Finally, the last integral is the expected present value of the outside
option if player i exits at time t, provided no observations arrived before t. Later we
will show that Gi (π̄; ·) and Fi (π̄; ·) are continuous and have finite limits as t → ∞,
hence, V (π̄; qi , qj ) is well-defined and finite. Note that the second integral in (6.2)
takes into account jumps in qj only, and the last integral takes into account jumps in
qi only as well as simultaneous jumps in qi and qj .
Definition 3.5. A strategy profile q̂ = (q̂i , q̂j ) is a Nash equilibrium for the game
starting at t = 0, if for every (i, j) ∈ {(1, 2), (2, 1)}
Vi (π̄; q̂i , q̂j ) = sup Vi (π̄; qi , q̂j ).
qi

A profile of consistent strategies q̂ t = (q̂it , q̂jt ) is a subgame perfect Nash equilibrium
(SPE) if for every t ≥ 0, q̂ t is a Nash equilibrium in the subgame that starts at t
(when payoffs are discounted to time t).
4. Bad news model
An active player gets a flow payoff rR > 0 as long as no failure was observed, and
zero after the first failure. In case of a failure, the player has to pay a lump-sum cost
C > 0 - for example, a new drug developer has to pay patients if they developed
serious side effects while trying the new drug. Since the rate of arrival of news is
zero at t = 0, and remains small in a right neighborhood of zero, it is always optimal
to start experimentation in the bad news model; and none of the players has yet
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stopped at the start of the game. As the rate of arrival Λ2 (π̄; t) increases, it may
become optimal for one or both players to quit. We will prove that, depending on
parameters of the model, either the players do not stop until the first failure happens,
or the stopping rules in pure strategies are of the threshold type - the players quit
when the corresponding rates of arrival reach a certain threshold from below. The
former outcome is possible only if the ratio r(R − S)/C is sufficiently high.
Once one of the players has quitted experimentation, the other player faces a
non-strategic stopping problem, which can be easily solved. Thus, when considering
subgame perfect equilibria, we will first examine subgames when one of the players has stopped, and then move to subgames where neither player has quitted as
yet. To simplify the notation, we suppress the dependence of value functions on the
other player’s strategy. Since the players are symmetric, we also drop the subscripts
identifying the players in the follower’s problem below..
4.1. Follower’s problem. Consider a subgame that starts after the history such
that no observations arrived, and only one of the players has stopped. Suppose, this
happened at time t. Then the remaining player (the follower) chooses a strategy qft
satisfying conditions of Definition 3.2, which solves the following problem:
Z ∞
p1 (π1 (π̄; t); t0 )
0
e−r(t −t) qft (t0 )
F (π̄; t) = sup
(rR + Λ1 (π1 (π̄; t); t0 )(S − C)) dt0
t
p
(π
(π̄;
t);
t)
1
1
qf
t

Z ∞
0
t 0
−r(t0 −t) p1 (π1 (π̄; t), t )
(−dqf (t )) ,
(4.1)
+S
e
p1 (π1 (π̄; t); t)
t
where the first integral is the expected present value (EPV) of the payoff stream
received until the follower’s exit, and the second integral is the EPV of the payoff,
when the follower exits prior to the first failure.
Introduce the notation
r(R − S)
A =
,
(4.2)
C
Â1 (π1 (π̄; t), t) = max
Λ1 (π1 (π̄; t), t0 ) = Λ1 (π1 (π̄; t), t̂1 (π1 (π̄; t)),
(4.3)
t0 ≥t
Z T
p1 (π1 (π̄; t); t0 )
0
Φ(A, π̄, t; T ) = C
e−r(t −t)
(A − Λ1 (π1 (π̄; t); t0 )) dt0 . (4.4)
p
(π
(π̄;
t);
t)
1 1
t
Lemma 4.1. The value of the follower, given by equation (4.1), can be equivalently
written as
F (π̄; t) = S

(4.5)
Z

+ sup C
qft

t

∞

0

e−r(t −t)

0

p1 (π1 (π̄; t); t )
(A − Λ1 (π1 (π̄; t); t0 )) qft (t0 )dt0 .
p1 (π1 (π̄; t); t)

The first term in representation (4.1) is the value of immediate exit; the second
term is the option value of waiting. See Section 9.3 for the proof.
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Let τ > t denote the time of the first failure of the project if the quality is bad.
Since experimentation is not profitable after the first failure, we have q̂ft (t0 ) = 0 for
all t0 > τ . In all the theorems below, the optimal strategies q̂ft (t0 ) are conditioned on
t0 ≤ τ . For the brevity of exposition, we omit multiplication of the strategies by the
indicator function 1t0 ≤τ .
Theorem 4.2. If A ≥ Â1 (π1 (π̄; t)), the only optimal strategy of the follower is
q̂ft (t0 ) = 1, ∀ t0 > t,

(4.6)

F (π̄; t) = S + Φ(π̄, t; +∞).

(4.7)

and
Proof. Under condition A ≥ Â1 (π1 (π̄; t)), the integrand on the RHS of (4.5) is nonnegative, and positive in a neighborhood of +∞. Hence, the integral is maximized
with the choice (4.6).

Lemma 4.3. Let A < Â1 (π1 (π̄; t)). Then (a) the equation
A − Λ1 (π1 (π̄; t); t0 ) = 0

(4.8)

t∗1 (A, π1 (π̄; t))

< t∗1 (A, π1 (π̄; t)).
has exactly two solutions 0 <
(b) t∗1 (A, π1 (π̄; t)) is the local maximum of Φ(A, π̄, t; ·); t∗1 (A, π1 (π̄; t)) is the local
minimum of Φ(A, π̄, t; ·).
Proof. (a) By Lemma 2.3, Λ1 (π1 (π̄; t), t0 ) is hump-shaped. Therefore, if A < Â1 (π1 (π̄; t)),
equation (4.8) has exactly two solutions:
0 < t∗1 (A, π1 (π̄; t) < t̂1 (π1 (π̄; t)) < t∗1 (A, π1 (π̄; t)).
(b) If 0 < t∗1 (A, π1 (π̄; t)) < t∗1 (A, π1 (π̄; t)) are solutions to (4.8), then it is easy to see
that the LHS in (4.8) is positive if t0 < t∗1 or t0 > t∗1 ; and it is negative if t∗1 < t0 < t∗1 .
Since Φ(A, π̄, t, ·) is increasing (respectively, decreasing) iff the LHS in (4.8) is positive
(respectively, negative), (b) follows.



Lemma 4.4. For any t ≥ 0, there exists a unique A∗1 (π1 (π̄; t)) ∈ 0, Â1 (π1 (π̄; t))
s.t.
Φ(A, π̄, t; +∞) ≤ 0 ⇔ A ≤ A∗1 (π1 (π̄; t)).
Proof. Fix (π̄; t), and suppress the dependence on (π̄; t) in the notation Â1 , t∗1 (A),
A∗1 . For A < Â1 , consider
Z ∞
0
0 p1 (π1 (π̄; t); t )
∗
Φ(A, π̄, t1 (A); +∞) = C
e−rt
(A − Λ1 (π1 (π̄; t); t0 )) dt0 . (4.9)
∗
p
(π
(π̄;
t);
t)
1 1
t1 (A)
The integrand in (4.9) increases in A. Furthermore, while A remains below Â1 , the
integrand is negative in a right neighborhood of t∗1 (A), and t∗1 (A) moves to the right
as A increases. Hence, the integral in (4.9) is increasing in A. As a function of A,
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the integral is positive at Â1 ; by continuity, it is also positive in a left neighborhood
of Â1 . In the limit A → +0, the integral becomes negative. Hence, there exists
A∗1 ∈ (0, Â1 ) s.t. the integral in (4.9) is negative for any A < A∗1 , and positive for any
A ∈ (A∗1 , Â1 ). By monotonicity of Φ(A, π̄, t∗1 (A); +∞), this A∗1 is unique.

Theorem 4.5. Let A < Â1 (π1 (π̄; t)). Then
(1) if A > A∗1 (π1 (π̄; t)), the follower never exits before the first failure, and the only
optimal strategy is (4.6);
(2) if A < A∗1 (π1 (π̄; t)) and t ≤ t∗1 (A, π1 (π̄; t)), the follower exits at t∗1 (A, π1 (π̄; t)).
The only optimal strategy is
(
1, t0 ∈ (t, t∗1 (A, π1 (π̄; t))],
t 0
q̂f (t ) =
(4.10)
0, t0 > t∗1 (A, π1 (π̄; t));
(3) if A = A∗1 (π1 (π̄; t)) and t ≤ t∗1 (A, π1 (π̄; t)), then, for any q̄ ∈ [0, 1], the strategy
(
1, t0 ∈ (t, t∗1 (A, π1 (π̄; t))],
q̂ft (t0 ) =
(4.11)
q̄, t0 > t∗1 (A, π1 (π̄; t)),
is optimal, and any optimal strategy is of the form (4.11);
(4) if A < A∗1 (π1 (π̄; t)) and t > t∗1 (A, π1 (π̄; t)), then the only optimal strategy is
q̂ft (t0 ) = 0, t0 > t;

(4.12)

(5) if A = A∗1 (π1 (π̄; t)) and t > t∗1 (A, π1 (π̄; t)), then, for any q̄ ∈ [0, 1], the strategy
q̂ft (t0 ) = q̄, ∀ t0 > t,

(4.13)

is optimal, and any optimal strategy is of the form (4.13).
Obviously, cases (3) and (5) are non-generic, while the rest of the cases in Theorem
4.5 are generic ones. All statements of the theorem are immediate from the following
Lemma.
Lemma 4.6. Let the following conditions hold
(i) F1 is a piece-wise continuous function and there exit B > 0 and r > 0 s.t.
|F1 (t)| ≤ Be−rt ∀ t ≥ 0.
(ii) Function F2 defined by
Z T
F2 (T ) =
F1 (t0 )dt0
t

has a finite number t ≤ t1 < t2 < · · · tn ≤ +∞ of points of the global maximum.
(iii) q : [t, +∞) → [0, 1] is a non-decreasing LCRL function with the trivial singular
continuous component, s.t. q(t) = 1;
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Then the problem
Z

+∞

F1 (t0 )q(t0 )dt0

V = sup
q

t

where the supremum is taken over the class of function satisfying (iii), has solutions
of the form


t0 ∈ [t, t1 ],
1,
(4.14)
q̂ft (t0 ) = q̄j , t0 ∈ (tj , tj+1 ], j = 1, 2, . . . , n − 1,

0, t0 > t ,
n
where 1 ≥ q̄1 ≥ q̄2 ≥ · · · ≥ q̄n ≥ 0, and any optimal solution is of the form (4.14).
Proof. Integrating by parts, we obtain
Z

V

+∞

F2 (t0 )(−dq(t0 ))
= −F2 (t) + F2 (+∞)q(+∞) +
t
Z +∞
F2 (t0 )(−dq(t0 )).
= F2 (+∞)q(+∞) +
t

and the statement follows.



To summarize, there exists the critical value A∗1 is s.t. for all A < A∗1 , t∗1 (A) is the
global maximum of Φ(A, π̄, t; ·). If A > A∗1 , the global maximum of Φ(A, π̄, t; ·) is at
T = +∞. If A = A∗1 , Φ(A, π̄, t; ·) (which is a non-generic case) has two maxima T = t∗1 (A) and T = +∞. The statements of Theorems 4.2 and 4.5 imply that, in a
generic case, the follower may find it optimal to exit at the same time as the leader,
never to exit before the first failure, or exit some time after the leader’s exit unless
the first failure happens earlier. Let tf = tf (A, π̄; t) denote the optimal stopping time
of the follower, which may be t, t∗1 (A, πs (π̄, t)), or +∞. Then, in a generic case, we
can write the follower’s optimal strategy as
(
1, t0 ∈ (t, tf ],
t 0
q̂f (t ) =
0, t0 > tf ;
and the follower’s value as
F (π̄; t) = S + Φ(A, π̄, t; tf ).

(4.15)

4.2. Value of player i when both players are active. Consider a subgame starting at t ≥ 0 after a history such that none of the players has yet acted. Consider the
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value function of player i in such a subgame. We have
Z ∞
p2 (π̄; t0 )
0
t t
e−r(t −t)
Vi (π̄; t, qi , qj ) =
Gi (π̄; t0 )qit (t0 )qjt (t0 )dt0
(4.16)
p
(π̄;
t)
2
t
Z ∞
0
−r(t0 −t) p2 (π̄; t )
Fi (π̄; t0 )qit (t0 )(−dqjt (t0 ))
+
e
p2 (π̄, t)
{t0 ≥t | ∆qit (t0 )=0}
Z ∞
0
p2 (π̄; t ) t 0
0
e−r(t −t)
+
Sqj (t )(−dqit (t0 )),
p
(π̄;
t)
2
t
where, as before, Gi (π̄; t0 ) is the expected payoff flow that player i gets when both
players are experimenting. Assuming that, if the project is bad, the players are
equally likely to incur a costly failure, we can write
Gi (π̄; t0 ) = rR + Λ2 (π̄; t0 )(S − 0.5C).
Lemma 4.7. We have
Vi (π̄; t, qit , qjt ) = S

(4.17)
Z

+

∞

0

p2 (π̄, t ) 
C (A − 0.5Λ2 (π̄; t0 )) qjt (t0 )
p2 (π̄, t)

−Φ(A, π̄, t0 ; tf (A, π̄, t0 ))(qjt (t0 ))0 qit (t0 )dt

0

e−r(t −t)

t

+

−

0

X

e−r(t −t)

t0 ≥ t :
∆qi (t0 ) = 0
∆qj (t0 ) 6= 0
X

0

p2 (π̄, t0 )
Φ(A, π̄, t0 ; tf (A, π̄, t0 ))qit (t0 )(−∆qj (t0 ))
p2 (π̄, t)

Se−r(t −t)

t0 ≥ t :
∆qi (t0 ) 6= 0
∆qj (t0 ) 6= 0


p2 (π̄, t0 ) t 0
qi (t ) + ∆qit (t0 ) (−∆qj (t0 )).
p2 (π̄, t)

See Section 9.4 for the proof.
5. Equilibria
5.1. SPE, where both players stay until the first failure. Let
Â2 = Â2 (π̄) = 0.5 max Λ2 (π̄; t) = 0.5Λ2 (π̄; t̂2 (π̄)),
t≥0

and
Z

T

0

)
(A − 0.5Λ2 (π̄; t0 )) dt0 .
(5.2)
p2 (π̄; t)
t
Let τ > t denote the time of the first failure of one of the projects if the quality is bad.
Since experimentation is not profitable after the first failure, we have q̂it (t0 ) = q̂jt (t0 ) =
Ψ(A, π̄, t; T ) = C

−r(t0 −t) p2 (π̄; t

(5.1)

e
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0 for all t0 > τ . In all the theorems below, the optimal strategies q̂it (t0 ) (i ∈ {1, 2})
are conditioned on t0 ≤ τ . For the brevity of exposition we omit multiplication of
strategies by the indicator function 1t0 ≤τ .
Theorem 5.1. If A ≥ Â2 (π̄), then for any t ≥ 0, the following profile is a SPE in
the subgame starting at t: for i, j ∈ {1, 2}, i 6= j:
q̂it (t0 ) = q̂jt (t0 ) = 1,

t0 > t,

(5.3)

and
Vi (π̄; t, q̂it , q̂jt ) = Vj (π̄; t, q̂it , q̂jt ) = S + Ψ(κ, A, π̄, t; +∞).

(5.4)

Proof. Notice that the proposed strategies are consistent. Consider a subgame that
starts at t ≥ 0 after such a history that no player has acted as yet. Let player j follow
the prescribed strategy (5.3). Then ∆qjt (t0 ) = 0 and (qjt (t0 ))0 = 0 for all 0 ≤ t ≤ t0 .
Player i chooses the best response qit (t0 ) which solves the following problem
Z ∞
p2 (π̄; t0 )
0
e−r(t −t)
sup C
(A − 0.5Λ2 (π̄; t0 )) qit (t0 )dt0 .
(5.5)
t
p
(π̄;
t)
0
2
qi (t )
t
Let
ψ(A, π̄, t0 ) := A − 0.5Λ2 (π̄; t0 )
(5.6)
Since A ≥ Âd (π̄), ψ(A, π̄, t0 ) ≥ 0 for all t0 ≥ t. Hence the best response of player i to
qjt given by (5.3) is to play q̂ t (t0 ) = 1 for all t0 ≥ t. Hence (q̂it , q̂jt ) given by (5.3) is a
SPE.

Theorem 5.1 states that if A = r(R − S)/C is sufficiently large, then in a SPE, the
players stop simultaneously at the moment of the first failure if the project is bad or
never if the project is good.
Lemma 5.2. Let A < Â2 (π̄), then
a) the equation
A − 0.5Λ2 (π̄; t) = 0
(5.7)
∗
∗
has two solutions t2 (A, π̄) < t∗2 (A, π̄) s.t. t2 (A, π̄) is the local maximum, and
t∗2 (A, π̄) is the local minimum of Ψ(A, π̄, t; ·).
b) t∗2 (A, π̄) = t∗1 (A, π1 (π̄; t∗2 )).
c) If Ψ(A, π̄, t∗2 (A, π̄); +∞) ≤ 0, then Φ(A, π̄, t∗2 (A, π̄); +∞) < 0.
See Section 9.5 for the proof.
Remark 5.3. Lemma 5.2 implies that
(i) In any subgame that starts at time t < t∗2 = t∗2 (A, π̄) (we suppress the dependence of t∗2 on (A, π̄) in order to simplify the notation) after a history such that none
of the players has yet acted, none of the players will find it optimal to exit before t∗2 ,
because ψ(A, π̄, t) given by (5.6) is positive for all t ≤ t0 < t∗2 . To understand why,
recall that
Cψ(A, π̄, t0 ) = r(R − S) − 0.5Λ2 (π̄; t0 )C
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(a) Erlang-2 model: λ = 1

(b) Exponential model: λe = 0.5

Figure 2. Option value of waiting when two players are active. Parameters: r = 0.02, C = 1.
is the net expected marginal benefit of each player, when two players keep experimenting. It is not optimal to stop while the net marginal benefit is positive.
(ii) If one of the players (the leader) decides to exit at time t∗2 = t∗2 (A, π̄), the other
player (the follower) will find it optimal to exit together with the leader at t∗2 (A, π̄)
because Ψ(A, π̄, t∗2 (A, π̄); +∞) ≤ 0 implies Φ(A, π̄, t∗2 (A, π̄); +∞) < 0.
(iii) Notice that for the same range of pairs (A, π̄) where players in Erlang-2 model
stop in finite time (option value of waiting is negative at t∗2 (A, π̄), players in the
corresponding exponential model never stop before the first failure happens because
the option value of waiting is positive at any 0 ≤ t ≤ τ as Fig. 2 illustrates. We scale
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the time so that λ = 1 in the Erlang-2 model, then the expected time of arrival of
bad news is 2. We consider the exponential model with the same expected time of
arrival of the first piece of new, which implies that in the exponential model, the rate
of arrival is λe = 0.5.
We have the following analog of Lemma 4.4.
Lemma 5.4. There exists a unique A∗2 = A∗2 (π̄) ∈ (0, Â2 (π̄)) s.t.
Ψ(A∗2 , π̄, t∗2 ; +∞) = 0,

(5.8)

and Ψ(A, π̄, t∗2 ; +∞) > 0(= 0, < 0) if A > A∗2 (= A∗2 , < A∗2 ).
Proof follows the proof of Lemma 4.4 line by line.
Theorem 5.5. Let A ≥ A∗2 (π̄), then for t ≥ 0, (q̂it , q̂jt ) given by (5.3) is a SPE, and
the payoffs are given by (5.4).
Proof. If A > A∗2 = A∗2 (π̄), the function Ψ(A, π̄, t, T ) is maximized at T = +∞.
Hence if player j plays q̂jt , the best response of player i is to play q̂it and vice versa.
By definition, Ψ(A∗2 , π̄, t∗2 ; +∞) = 0, hence for any t > t∗2 , Ψ(A∗2 , π̄, t; +∞) > 0, hence
it is never optimal to exit before the first failure happens, hence (q̂it , q̂jt ) given by (5.3)
is a SPE. If t ≤ t∗2 , it is never optimal to exit earlier than at t∗2 , because Ψ(A, π̄, t, T )
is increasing in T if T ∈ (t, t∗2 ]. Since Ψ(A∗2 , π̄, t∗2 ; +∞) = 0, the players are indifferent
between exiting at t∗2 and staying until the first failure happens.

5.2. Symmetric SPE, where players stop before the first failure.
Theorem 5.6. Let A < A∗2 (κ, π̄). Consider a subgame that starts at t ≤ t∗2 (A, π̄) after
a history such that none of the players has yet acted Then, there exists a symmetric
SPE given by the following pair of simple consistent strategies:
(
1, t0 ≤ t∗2 (A, π̄)
(5.9)
q̂it (t0 ) = q̂jt (t0 ) =
0, t0 ≥ t∗2 (A, π̄).
The players payoffs are
Vi (π̄, t; q̂it , q̂jt ) = Vj (π̄, t; q̂it , q̂jt ) = S + Ψ(A, π̄, t; t∗2 ).

(5.10)

See Fig. 3 for illustration.
Proof. Since it is not optimal to stop earlier than at t∗2 (A, π̄), and t∗2 (A, π̄) = t1 (A, πs (π̄; t∗2 )),
simultaneous stopping is an equilibrium on the strength of Lemma 5.2. See Remark
5.3 (ii) for explanation.
Theorem 5.6 specifies strategies on the equilibrium path. Next, we specify strategies off the equilibrium path. Let A < A∗2 (π̄), and let T̂2 = T̂2 (A, π̄) > t∗2 (A, π̄) be
the solution to
Ψ(A, π̄, T̂2 , +∞) = 0.
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Figure 3. Hazards rates and optimal stopping times in the Erlang-2
bad news model. Parameters: λ = 1, A = 0.15, r = 0.02, π̄ = 0.5
Then, for t < T̂2 , Ψ(A, π̄, t, +∞) < 0, and for t > T̂2 , Ψ(A, π̄, t, +∞) > 0. Hence, for
any subgame that starts at t ∈ (t∗2 , Tˆ2 ) after a history such that none of the players
has yet acted, the optimal strategies are q̂it (t0 ) = q̂jt (t0 ) = 0. For any subgame that
starts at t ≥ Tˆ2 after a history such that none of the players has yet acted, the
optimal strategies are q̂it (t0 ) = q̂jt (t0 ) = 1. Due to the existence of the non-empty
interval (t∗2 , Tˆ2 ), strategies (5.9) are consistent. Hence, simultaneous stopping is a
SPE.

Remark 5.7. 1. The results of Lemma 5.2 and Theorem 5.6 can be extended to the
case of n > 2 players. Let t∗n denote the smallest solution to
1
Λn (π̄; t) = 0.
n
In this case, all the players exit at t∗n .
2. It is easy to see that simultaneous exit at t∗n is efficient, because stopping at t∗n
is also a solution to the social planner’s problem.
A−

6. Conclusive breakthroughs
6.1. The setup. The stylized model presented here is suitable to describe a grant
competition or innovation contest, where the winner (if any) takes the prize, and the
remaining players get the outside option. We will indicate later how the results may
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change if the winner takes the major prize, but remaining players are also rewarded
with the reward being higher than the value of the outside option. Assume that
n ≥ 2 symmetric players experiment with technologies of unknown quality. The
quality of a project depends on the state of nature θ ∈ {0, 1}. If θ = 1, the project is
good, which means that it generates positive revenues (breakthroughs). If θ = 0, the
project is bad, which means that the player experimenting with this project will never
be able to generate positive revenues. Experimentation is costly, and the stream of
experimentation costs is rC for each player, independent of the quality of the project.
The initial common prior assigns probability π̄ ∈ (0, 1) to θ = 1.
Let the quality of the project be the same for both players, so that if one of the
players observes a breakthrough, both players know that their technologies are good.
For simplicity, assume that if the project if good, active players stop experimentation
after the first success had been observed. Further assume that, if the project is good,
the player who is first to succeed gets R > 0, and the other player(s) get S ∈ [0, R).
Thus, there is an advantage to generating the success first (though, in this stylized
model, this advantage is independent of the players’ actions), which can be interpreted
as an opportunity to file a patent. If a player exits before the first observation of a
success, then the player gets S. So, S is the value of the outside option.
We use the same primitives as described in Section 2 and same strategies as in
Section 3.
6.2. Value functions and equilibrium. Consider the game that starts at t = 0.
Unlike in the bad news model, starting experimentation at t = 0 may not be optimal,
because the rate of arrival of good news (profitable payoff) is close to zero in a right
neighborhood of zero. We leave for the future study strategic entry decisions of the
players in this experimentation game, where we expect free riding and encouragement
effects to be present. In this paper, we study only strategic exit decisions of active
players, who start experimentation at the same time, due to, for example deadline
specified by designers of the grant competition. To this end, we assume that

Z T


Λn (π̄; t)
−rt
−rT
− rC dt + e pn (π̄; T )S > S.
sup
e pn (π̄; t) (R + (n − 1)S)
n
T >0
0
(6.1)
Then it is optimal for n players to experiment until the time t̂n (π̄) when the rate of
arrival reaches its maximal value
t̂n (π̄) = arg max Λn (π̄; t),
t≥0

and for some time after that. As the rate of arrival Λn (π̄; t) starts decreasing, it may
become optimal for one or more players to quit. We will show that the stopping rules
in pure strategies are of the threshold type - the players quit when the corresponding
rates of arrival reach a certain threshold from above.
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Lemma 6.1. There exists n∗ ≥ 1 s.t. inequality (6.1) is satisfied for all n < n∗ and
is not satisfied for n ≥ n∗ .
See Section 9.6 for the proof. Lemma 6.1 demonstrates the crowding out effect
of experimentation. In the corresponding exponential model such effect never takes
place - if experimentation is optimal for one player, it is optimal for any number of
players.
From now on, we will focus on the case n∗ > 2 and consider the strategic experimentation game between two players. The results admit straightforward generalization
to the case n > 2.
Let Gi (π̄; t) = 0.5Λ2 (π̄; t)(R + S) − rC denote the instantaneous expected payoff
flow of player i if none of the players stopped until time t > 0. Let Fi (π̄; t) denote the
expected value of player i if player j stopped at time t, and player i did not. Given
the strategy profile (qi , qj ), the value of player i in the game that starts at t = 0 is
Z ∞
e−rt p2 (π̄; t)Gi (π̄; t)qi (t)qj (t)dt
(6.2)
Vi (π̄; qi , qj ) =
0
Z
e−rt p2 (π̄, t)Fi (π̄; t)qi (t)(−dqj (t))
+
{t≥0 | ∆qi (t)=0}
Z ∞
e−rt p2 (π̄; t)Sqj (t)(−dqi (t)).
+
0

Later we will show that Fi (π̄; ·) is continuous and has the finite limit as t → ∞,
hence, V (π̄; qi , qj ) is well-defined and finite. Note that the second integral in (6.2)
takes into account jumps in qj only, and last integral takes into account jumps in qi
only as well as simultaneous jumps in qi and qj . Once one of the players has quitted
experimentation, the other player faces a non-strategic stopping problem, which can
be easily solved. Thus, when considering subgame perfect equilibria, we will first
examine subgames when one of the players has stopped, and then move to subgames
where neither player has quitted as yet. To simplify the notation, we suppress the
dependence of value functions on the other player’s strategy. Since the players are
symmetric, we also drop the subscripts identifying the players.
6.3. Follower’s problem. Consider a subgame that starts after the history such
that only one of the players has stopped. Suppose, this happened at time t. Then
the remaining player (the follower) chooses a strategy qft satisfying the conditions of
Definition 3.2, which solves the following problem:
Z ∞
p1 (π1 (π̄; t); t0 )
0
F (π̄; t) = sup
e−r(t −t) qft (t0 )
(Λ1 (π1 (π̄; t); t0 )R − rC) dt0
p1 (π1 (π̄; t); t)
qft
t

Z ∞
0
−r(t0 −t) p1 (π1 (π̄; t); t )
t 0
(−dqf (t )) ,
(6.3)
+S
e
p1 (π1 (π̄; t); t)
t
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where the first integral is the expected present value (EPV) of the payoff while the
follower is active, and the second integral is the EPV of the payoff when the follower
exits prior to the first failure.
Let
r(C + S)
A=
> 0.
(6.4)
R−S
Similarly to Lemma 4.1, we obtain
Lemma 6.2. The value of the follower, given by equation (6.3), can be equivalently
written as
F (π̄, t) = S

(6.5)
Z

+(R − S) sup
qft

t

∞

0

e−r(t −t)

0

p1 (π1 (π̄; t); t )
(Λ1 (π1 (π̄; t); t0 ) − A) qft (t0 )dt0 .
p1 (π1 (π̄; t); t)

The proof is analogous to the proof of Lemma 4.1. The first term in representation
(6.2) is the value of immediate exit; the second term is the option value of waiting.
Since Λ1 (π1 (π̄; t); t0 ) → 0 as t0 → +∞, the follower exits either instantly if either
Λ1 (π1 (π̄; t), t0 ) ≤ A and t is to the right from the point t̂1 = arg maxt0 ≥t Λ1 (π1 (π̄; t); t0 );
or t < t̂1 and maxT ≥t Φ(A, π̄, t; T ) ≤ 0, where
Z T
p1 (π1 (π̄; t); t0 )
0
e−r(t −t)
Φ(A, π̄, t; T ) = (R − S)
(Λ1 (π1 (π̄; t); t0 ) − A) dt0
p1 (π1 (π̄; t); t)
t
(in the case of equality, it is also optimal to wait until the local maximizer T is
achieved). Otherwise, the follower exits at time T1 = T1 (A, π1 (π̄; t)) < +∞, T1 > t,
which is the largest solution of the following equation
Λ1 (π1 (π̄; t), T ) = A.

(6.6)

Thus, the follower’s exit time tf = tf (A, π1 (π̄; t)) can equal to t or T1 (A, π1 (π̄; t)). In
a generic case, we can write the follower’s optimal strategy as
(
1, ∀ t ≤ t0 ≤ tf (A, π1 (π̄; t)),
q̂ft (t0 ) =
0, ∀ t0 > tf ;
and the follower’s value as
F (π̄, t) = S + Φ(A, π̄, t; tf (A, π1 (π̄; t))).

(6.7)

6.4. Value of player i when two players are active. Consider a subgame starting
at t ≥ 0 after a history such that none of the players has yet acted. Consider the
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value function of player i in such a subgame. We have
Z ∞
p2 (π̄; t0 )
0
t t
e−r(t −t)
Vi (π̄, t; qi , qj ) =
Gi (π̄; t0 )qit (t0 )qjt (t0 )dt0
(6.8)
p
(π̄;
t)
2
t
Z ∞
0
−r(t0 −t) p2 (π̄; t )
e
Fi (π̄; t0 )qit (t0 )(−dqjt (t0 ))
+
p2 (π̄; t)
{t0 ≥t | ∆qit (t0 )=0}
Z ∞
0
p2 (π̄; t ) t 0
0
e−r(t −t)
+
Sqj (t )(−dqit (t0 )).
p
(π̄;
t)
2
t
The following result can be proved in the same manner as Lemma 4.7.
Lemma 6.3. We have
Vi (π̄, t; qit , qjt ) = S

(6.9)
Z

+

∞

0

e−r(t −t)

t

X

+

−

t0 ≥ t :
∆qi (t0 ) = 0
∆qj (t0 ) 6= 0
X
t0 ≥ t :
∆qi (t0 ) 6= 0
∆qj (t0 ) 6= 0

0

p2 (π̄; t ) 
(R − S) (0.5Λ2 (π̄; t0 ) − A) qjt (t0 )
p2 (π̄; t)

−Φ(A, π̄, t0 ; tf (A, π̄, t0 ))(qjt (t0 ))0 qit (t0 )dt0
0

e−r(t −t)

0

p2 (π̄; t0 )
Φ(A, π̄, t0 ; tf (A, π̄, t0 ))qit (t0 )(−∆qj (t0 ))
p2 (π̄; t)

Se−r(t −t)


p2 (π̄; t0 ) t 0
qi (t ) + ∆qit (t0 ) (−∆qj (t0 )).
p2 (π̄; t)

Since Λ2 (π̄; t) → 0 as t → +∞, it is non-optimal to experiment jointly either after
time t or after time T = t2 (A, π̄) < +∞, which is the largest solution of the following
equation
0.5Λ2 (π̄; T ) = A.
(6.10)
Conditions for the instantaneous exit can be derived in the same way as in the case
of failures. We consider the more interesting case, when t < t2 (A, π̄), and, for all
t < t2 (A, π̄), it is non-optimal to stop the joint experimentation.
Lemma 6.4. Let t < t2 (A, π̄). Let t1 (A, π1 (π̄; t2 )) denote the largest solution to (6.6)
for t = t2 (A, π̄). Then t1 (A, π1 (π̄; t2 )) = t2 (A, π̄), hence both players exit at t2 (A, π̄).
Proof. By Lemma 2.2,
Λ1 (π1 (π̄; t2 ); t2 ) = 0.5Λ2 (π̄; t2 ) = A,
therefore, t2 = t2 (A, π̄) is a solution to (6.6). To prove that it is the largest solution
to (6.6), we use the following argument. Since t2 = t2 (A, π̄) is the largest solution to
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Figure 4. Hazards rates and optimal stopping times in the Erlang-2
good news model. Parameters: λ = 1, A = 0.1, r = 0.02, π̄ = 0.5
(6.10), t2 (A, π̄) > t̂2 (π̄). Therefore, on the strength of (9.2),


−1
∂t
> 2(1 − π2 (π̄, t2 )) > 1 − π2 (π̄, t2 ) = 1 − π1 (π1 (π̄, t2 ), t2 ).
Λ1 (1; t2 )
Hence t2 (A, π̄) > t̂1 (π1 (π̄, t2 )), hence t2 = t2 (A, π̄) is the largest solution to (6.6). 
Theorem 6.5. Let t < t2 = t2 (A, π̄). There exists a unique SPE defined by
(
1, t0 ∈ (t, t2 ],
t 0
t 0
q̂i (t ) = q̂j (t ) =
0, t0 > t2 .

(6.11)

The players’ payoffs are
Vi (π̄, t; q̂it , q̂jt ) = S + Ψ(A, π̄, t; t2 ),

(6.12)

where
Z
Ψ(A, π̄, t; T ) = (R − S)
t

T

0

e−r(t −t)

p2 (π̄; t0 )
(0.5Λ2 (π̄; t0 ) − A) dt0 .
p2 (π̄; t)

(6.13)

See Fig. 4 for illustration.
Proof. Since it is not optimal to stop earlier than at t2 (A, π̄), and t2 (A, π̄) = t1 (A, π1 (π̄; t2 )),
simultaneous stopping is an equilibrium.
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Figure 5. Hazards rates and optimal stopping times in the Erlang-2
good news model with payoff externalities. Parameters: n = 2, λ = 1,
A = 0.07, r = 0.02, π̄ = 0.5, κ2 = 1.05.
Remark 6.6. 1. The result of Theorem 6.5 can be extended to the case of n > 2
players if the following inequalities hold for each n > 1:


Z tn
1
−rt
e pn (π̄; t) A − Λn (π̄; t) dt > 0,
n
0
where tn is the largest solution to
1
Λn (π̄; t) − A = 0.
n

(6.14)

In this case, all the players exit at tn .
2. It is easy to see that simultaneous exit at tn is efficient, because stopping at tn
is also a solution to the social planner’s problem.
We see that the critical value of the hazard rates at exit is independent of the
number of players. In order the critical values of hazard rates depended on n, one may
introduce payoff externalities in addition to information externalities. For example,
suppose, for example, that the player, who gets the first breakthrough gets the prize
R > S, and the rest of the players get payoffs S < P < R. Then each player’s
expected payoff in case of arrival of good news is (R + (n − 1)P )/n. Let, as before,
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A = r(C + S)/(R − S), and let
(n − 1)(P − S)
.
R−S
Then the exit threshold for n players is the largest solution to
1
A
Λn (π̄; t) −
= 0,
(6.15)
n
κn
provided


Z tn
1
A
pn (π̄; t)
Λn (π̄; t) −
dt > 0.
(6.16)
n
κn
0
The last inequality is similar to (6.1) (see the proof of Lemma 6.1 in Section 9.6 to
understand why). Therefore, there exists n∗ s.t. (6.16) holds iff n < n∗ . If inequality
(6.16) is satisfied for some 1 < n < n∗ , then players exit simultaneously at tn , because
κn = 1 +

t1 (t2 , . . . , tn ) < · · · tn−1 (tn ) < tn ,
where tn−1 (tn ) is the largest solution to
1
A
Λn−1 (π1 (π̄; tn ); t) −
= 0,
n−1
κn−1
and so on. Fig. 5 and Fig. 6 illustrate the above for the case of two and three
players, respectively. Since κn > 1, the largest solution to (6.15) is bigger than the
largest solution to (6.14), so the players will experiment longer. Moreover, inequality
(6.16) will be satisfied for a larger number of players than (6.1), so the crowding out
effect will be weaker. Thus, if a designer of a grant competition has in mind her
own optimal length of experimentation, longer experimentation can be achieved by
a proper reward scheme design. This conclusion is true, provided that costs spent
on experimentation by every player are observable. If costs are private information,
then it is necessary to study incentives to free ride on other players’ experimentation
as, e.g., in Halac et.al [14].
7. Extensions and generalization
7.1. Hump-shaped distributions. We derived results in the paper under a standing assumption that Λ1 (1; 0) = 0. This assumption is convenient to study bad news
model, because it is always optimal to start experimentation since the rate of arrival
of news is close to zero in a right neighborhood of zero. At the same time, such
standing assumption may be rather restrictive. In this Section, we generalize our
model further and provide classification of one-humped bandits. As in Section 2,
the primitive is the rate of arrival of news when the risky project can generate news
for sure. Also, as before, assume that n ≥ 1 players experiment with a project of
unknown quality, and π̄ ∈ [0, 1] is the common prior which is the probability of the
event that the project generates news.
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Figure 6. Hazards rates and optimal stopping times in the Erlang-2
good news model with payoff externalities. Parameters: n = 3, λ = 1,
A = 0.07, r = 0.02, π̄ = 0.5, κ2 = 1.05, κ3 = 1.1.
Lemma 7.1. Let
(i) Λ1 (1; t) be of the class C 2 and increasing in t;
(ii)


1
2
∂t
> 0, ∀ t > 0;
(7.1)
Λ1 (1; t)
(iii)


−1
lim ∂t
> n(1 − π̄);
(7.2)
t↓0
Λ1 (1; t)
(iv) and


−1
< 1.
lim ∂t
t→∞
Λ1 (1; t)
Then
(a) as a function of t, Λn (π̄; t) = nΛ1 (1; t)πn (π̄; t) has the global maximum t̂n = t̂n (π̄);
(b) If (7.1) holds but (7.2) fails, then Λn (π̄; t) is a decreasing function on R+ .
If

1 − π̄ < lim ∂t
t↓0

−1
Λ1 (1; t)


< n̂,
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for some 1 < n̂ ≤ n, then the qualitative behavior of the arrival rate Λn (π̄; t) depends
on n. Namely, for n ≥ n̂,, the arrival rate Λn (π̄; t) is a decreasing function, and the
model is qualitatively the same as the exponential bandits model.
7.2. Classification of one-humped bandits. Next, we characterize different possible types of one-humped bandits. We start with the following preliminary remarks.


−1
• If limt↓0 ∂t Λ1 (1;t) = +∞, then (7.2) holds for any n.


• If 0 < limt↓0 ∂t Λ1−1
< +∞, then 1/Λ1 (1; t) is bounded as t → 0, and
(1;t)
Λ1 (1; 0) > 0.


• It is possible that Λ1 (1; 0) > 0, (7.1) holds but limt↓0 ∂t Λ1−1
= +∞.
(1;t)
• If ∂t Λ1 (1; 0) exists and (7.1) holds, then Λ1 (1; +0) > 0 iff


−1
0 < lim ∂t
< +∞.
t↓0
Λ1 (1; t)


1
> 0, ∀ t > 0.
Definition 7.2. Let ∂t2 Λ1 (1;t)
We call the bandit model defined by Λ1 (1; t) a one-humped model of Type I, II
and III if the corresponding condition below holds
I. Λ1 (1; 0) = 0, and ∂t Λ1 (1; 0) exists, and it is finite;
II. Λ1 (1; 0) > 0 and ∂t Λ1 (1; 0)
 exists,
 and it is finite;
−1
III. Λ1 (1; 0) > 0 and limt↓0 ∂t Λ1 (1;t) = +∞.
7.3. One-humped bandits of Types II and III. Properties specified for Type I
bandits in the previous Sections hold, and equilibria of the same types are possible.
Depending on the parameters, the usual encouragement effect can be observed (as
in exponential bandit models).
An additional effect and type of equilibria (if r is sufficiently large): discouragement
(crowding out) effect: ∃m ≥ 1 s.t.
(1) if n < m players are in the game at time 0, they will find it optimal to start
experimenting with the bad news technology;
(2) n ≥ m players will not start experimenting unless n − m of them exit instantly.
7.4. Multi-humped bandits. We call the model a multi-humped model, if Λn (π̄; t)
has more than one point of local maximum. Examples
(a) the environment with some seasonality;
(b) if business cycle effects are taken into account;
(c) endogenous multi-humped bandits.
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7.5. Endogenous multi-humped bandits. Assume that the players plan to enter
the game with breakdowns at times 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn < tn+1 := +∞; this can
be an equilibrium outcome if, for example, players are asymmetric.
Then the rate of arrival Λk (π̄; t), which the k players that are in the game face, is
defined as follows. For k = 1, 2, . . . , n and t ∈ [tk , tk+1 ),
Λk (π̄; t) =

k
X

Λj (π̄; t − tj ).

j=1

Clearly, more than one hump is possible, and if the underlying one-humped bandit
is of Type II or III, then Λk exhibits jumps.
8. Conclusion
We suggested a new model for strategic experimentation, where good or bad news
arrive at random times which are modeled as jump time of a time-inhomogeneous
Poisson process. This models are almost as tractable as exponential bandits models
and can incorporate such realistic features as dependence of the expected rate of news
arrival on the time elapsed since the start of an experiment. In this paper, we
• characterized SPE in a model with conclusive failures;
• characterized optimal stopping strategies in terms of critical levels of expected
rates of arrival of time-inhomogeneous Poisson processes;
• showed that depending on parameters of the model the following equilibrium
outcomes are possible:
(i) none of the players find it optimal to stop before the first failure;
(ii) players stop simultaneously before the first piece of bad news arrives;
• similar results hold in a model with breakthroughs;
• the model with breakthroughs demonstrates the crowding out effect, which is
absent in exponential models;
• suggested a classification of humped bandits.
In the future, we plan to extend the current model to inconclusive experiments,
correlated arms, private payoffs, and other types of humped bandits. We believe
that humped shaped are quite promising and can be used not only as a framework
in learning and experimentation models, but in other areas of economics or finance.
The can also be combined with other sources of uncertainty. For example, credit risk
models with hump-shaped hazard rate and evolution of assets modeled as a jumpdiffusion process are tractable but more realistic than oversimplified reduced form
models of defaultable debt with the exponential hazard rate.
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9. appendix
9.1. Proof of Lemma 2.1. (i) It suffices to rewrite (2.6) as
πn (π̄; t) = 1 −

1 − π̄
,
pn (π̄; t)

and notice that pn (π̄; t) is decreasing in n because p1 (1; t) < 1 for all t > 0.
(ii) Let π̂ be a solution to
πn (π̄, t0 ) = πn−1 (π̂, t0 ) .

(9.1)

We write (9.1) as
π̄p1 (1; t0 )n
π̂p1 (1; t0 )n−1
=
.
1 − π̄ + π̄p1 (1; t0 )n
1 − π̂ + π̂p1 (1; t0 )n−1
Equivalently,
π̂(1 − π̄)p1 (1; t0 ) = (1 − π̂)π̄,
whence
π̂ =

π̄p1 (1; t0 )
= π1 (π̄; t),
1 − π̄ + π̄p1 (1; t0 )

and (2.8) follows.
(iii) Follows from strict monotonicity of πn (π̄; t) and πn−1 (π1 (π̄; t0 ), t) in t.
(iv) Follows from (iii) and the fact that
πn (π̄, 0) = π̄ > π1 (π̄; t0 ) = πn−1 (π1 (π̄; t0 ), 0).
9.2. Proof of Lemma 2.2. (a) Intersection at t = 0 follows from (2.10) and property
(i) Λ1 (1; 0) = 0. By Lemma 2.1, and equation (2.10), the only positive point of
intersection is t0 .
(b) It follows from (2.10) and the equality in (2.7) that
1
∂t Λn (π̄; t) = ∂t Λ1 (1; t) + Λ1 (1; t)∂t πn (π̄; t)
n


= πn (π̄; t) ∂t Λ1 (1; t) − nΛ1 (1; t)2 (1 − πn (π̄; t)) .

(9.2)
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Therefore,
1
1
∂t Λn (π̄; +0) = π̄∂t Λ1 (1; +0) > π1 (π̄; t0 )∂t Λ1 (1; +0) =
∂t Λn−1 (π1 (π̄; t0 ), 0).
n
n−1
By continuity,
1
1
∂t Λn (π̄; t) >
∂t Λn−1 (π1 (π̄; t0 ), t)
n
n−1
in a right neighborhood of zero. Hence,
1
1
Λn (π̄; t) >
Λn−1 (π1 (π̄; t0 ), t)
n
n−1
in a right neighborhood of zero. Since there is only one positive intersection of the
hazard rates, (2.12) follows.
9.3. Proof of Lemma 4.1. We start with the following result.
Lemma 9.1. Let the following conditions hold:
(i) f : [0, +∞) → R be continuous and differentiable;
(ii) there exists B > 0 and r > 0 s.t. |f (t)| ≤ Be−rt ∀ t ≥ 0;
(iii) q satisfies the condtions of Definition 3.1 and the singular continuous component
of the Lebesgue decomposition of q is trivial.
Then
Z ∞
Z ∞
0
0
f (t )(−dq(t )) = f (t)q(t) +
f 0 (t0 )q(t0 )dt0 .
(9.3)
t

t

Proof. By definition,
Z ∞
Z
0
0
f (t )(−dq(t )) = −
t

∞

f (t0 )q 0 (t0 )dt0 +

t

X

f (t0 )(−∆q(t0 )),

t0 ≥ t :
∆q(t0 ) 6= 0

and
Z

∞

d (f (t0 )q(t0 ))

−f (t)q(t) =
Zt ∞
=

0

t

Z

X

(f (t0 )q(t0 )) dt0 −

t0 ≥ t :
∆q(t0 ) 6= 0
∞
0

=

0

0

0

∞

Z

f (t0 )q 0 (t0 )dt0 −

f (t )q(t )dt +
t

Z

t

∞
0

0

0

0

Z

f (t )q(t )dt −

=
t

f (t0 )(−∆q(t0 ))

t

X
t0 ≥ t :
∆q(t0 ) 6= 0

∞

f (t0 )(−dq(t0 )).

f (t0 )(−∆q(t0 ))
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Equation (9.3) follows.



Using Lemma 9.1, we rewrite the second integral in (4.1) as
∞

p1 (π1 (π̄; t); t0 )
(−dq t (t0 ))
p
(π
(π̄;
t);
t))
1
1
t


Z ∞
0
0
∞
d
−r(t0 −t) p1 (π1 (π̄; t); t )
−r(t0 −t) p1 (π1 (π̄; t); t ) t 0
q (t ) + S
e
q t (t0 )dt0
= −Se
0
p1 (π1 (π̄; t); t))
dt
p
(π
(π̄;
t);
t))
t
1 1
t


Z ∞
0
0
0
p
(π
(π̄;
t);
t
)
(π
(π̄;
t);
t
)
p
0
1 1
1
−r + 1
q t (t0 )dt0
e−r(t −t)
=S+S
0
p1 (π1 (π̄; t); t))
p1 (π1 (π̄; t); t )
Zt ∞
0
p1 (π1 (π̄; t); t )
0
e−r(t −t)
=S+S
(−r − Λ1 (π1 (π̄; t); t0 )) q t (t0 )dt0 .
p1 (π1 (π̄; t); t))
t
Z

S

0

e−r(t −t)

Substitute the last expression for the the second integral in (4.1), then
Z
F (π̄; t) = S + sup
qt

t

∞

0

e−r(t −t)

p1 (π1 (π̄; t); t0 )
(r(R − S) − Λ1 (π1 (π̄; t), t0 )C) q t (t0 )dt0 .
p1 (π1 (π̄; t); t))

Dividing and multiplying the integrand by C and using (4.2), we arrive at (4.1).

9.4. Proof of Lemma 4.7. We start with the following result.
Lemma 9.2. Let the following conditions hold:
(i) f : [0, +∞) → R is continuous and differentiable;
(ii) there exists B > 0 and r > 0 s.t. |f (t)| ≤ Be−rt ∀ t ≥ 0;
(iii) qi , qj satisfy the conditions of of Definition 3.1, and the singular continuous
components of the Lebesgue decomposition of qi , qj are trivial.
Then
Z

∞

f (t0 )qj (t0 )(−dqi (t0 ))
t
Z ∞
= −f (t)qi (t)qj (t) +
f 0 (t0 )qi (t0 )qj (t0 )dt0
t
Z ∞
X
−
f (t0 )qi (t0 )(−dqj (t0 )) −
t

t0 ≥ t :
∆qi (t0 ) 6= 0
∆qj (t0 ) 6= 0

(9.4)

f (t0 )(−∆qi (t0 )∆qj (t0 )).
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Proof. Applying Definition 3.4, we obtain

Z

∞

−f (t)qi (t)qj (t) =
d (f (t0 )qi (t0 )qj (t0 ))
t
Z ∞
X
0
(f (t0 )qi (t0 )qj (t0 )) dt0 −
=
t

Z

t0 ≥ t :
∆(qi (t0 )qj (t0 )) 6= 0
∞
0

=

0

0

0

0

∞

Z

0

)qi0 (t0 )qj (t0 )dt0

f (t )qi (t )qj (t )dt +
f (t
t
X
f (t0 )qj (t0 )(−∆qi (t0 )) −

t

−

−

f (t0 )(−∆(qi (t0 )qj (t0 )))

t0 ≥ t :
∆qi (t0 ) 6= 0
X

Z
+

∞

f (t0 )qj0 (t0 )qi (t0 )dt0

t

X

f (t0 )qi (t0 )(−∆qj (t0 ))

t0 ≥ t :
∆qj (t0 ) 6= 0
f (t0 )(−∆qi (t0 )∆qj (t0 ))

t0 ≥ t :
∆qi (t0 ) 6= 0
∆qj (t0 ) 6= 0
Z

∞
0

0

0

0

0

Z

f (t )qi (t )qj (t )dt −

=
t

∞

f (t0 )qj (t0 )(−dqi (t0 ))

t

Z
−

∞

f (t0 )qi (t0 )(−dqj (t0 )) −

t

X

f (t0 )(−∆qi (t0 )∆qj (t0 )).

t0 ≥ t :
∆qi (t0 ) 6= 0
∆qj (t0 ) 6= 0

Equation (9.4) follows.

Now we can prove Lemma 4.7, in several steps.



HUMPED BANDITS

Step 1. Rewrite the second integral on the RHS of (4.16) as
Z ∞
p2 (π̄; t0 )
0
e−r(t −t)
Fi (π̄; t0 )qit (t0 )(−dqjt (t0 ))
p2 (π̄; t)
{t0 ≥t | ∆dqit (t0 )=0}
Z ∞
0
−r(t0 −t) p2 (π̄; t )
e
=
Fi (π̄; t0 )qit (t0 )(−dqjt (t0 ))
p2 (π̄; t)
t
X
p2 (π̄; t0 )
0
Fi (π̄; t0 )qit (t0 )(−∆qj (t0 ))
−
e−r(t −t)
p2 (π̄; t)
t0 ≥ t :
∆qi (t0 ) 6= 0
∆qj (t0 ) 6= 0
Z ∞
p2 (π̄; t0 )
0
Fi (π̄; t0 )qit (t0 )(qjt (t0 ))0 dt0
e−r(t −t)
=−
p
(π̄;
t)
2
t
X
p2 (π̄; t0 )
0
e−r(t −t)
+
Fi (π̄; t0 )qit (t0 )(−∆qj (t0 )).
p
(π̄;
t)
2
t0 ≥ t :
∆qi (t0 ) = 0
∆qj (t0 ) 6= 0
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(9.5)

Substitute for Fi (π̄; t0 ) on the RHS of equation (5.9). Then (9.5) becomes
Z ∞
p2 (π̄; t0 )
0
e−r(t −t)
Fi (π̄; t0 )qit (t0 )(−dqjt (t0 ))
t
p
(π̄;
t)
0
0
2
{t ≥t | ∆dqi (t )=0}
Z ∞
p2 (π̄; t0 )
0
e−r(t −t)
(S + Φ(A, π̄, t0 ; tf (A, π̄, t0 )))qit (t0 )(qjt (t0 ))0 dt0
=−
(9.6)
p2 (π̄; t)
t
X
p2 (π̄; t0 )
0
(S + Φ(A, π̄, t0 ; tf (A, π̄, t0 )))qit (t0 )(−∆qj (t0 )).
+
e−r(t −t)
p
2 (π̄; t)
t0 ≥ t :
∆qi (t0 ) = 0
∆qj (t0 ) 6= 0
Step 2. Using Lemma 9.2 write the last integral in (4.16) as
Z ∞
0
−r(t0 −t) p2 (π̄; t )
e
Sqjt (t0 )(−dqit (t0 ))
(9.7)
p2 (π̄; t)
t


Z ∞ 
0
0
∞
d
−r(t0 −t) p2 (π̄; t ) t 0 t 0
−r(t0 −t) p2 (π̄; t )
= S −e
q (t )qi (t ) +
e
qit (t0 )qjt (t0 )dt0
p2 (π̄; t) j
dt
p2 (π̄; t)
t
t
Z ∞
i
X
p2 (π̄; t0 ) t 0
p2 (π̄; t0 )
0
0
−
e−r(t −t)
e−r(t −t)
qi (t )(−dqjt (t0 )) −
(−∆qit (t0 )∆qjt (t0 )) .
p2 (π̄; t)
p2 (π̄; t)
t
t0 ≥ t :
∆qit (t0 ) 6= 0
∆qjt (t0 ) 6= 0
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Using the fact that the first term in the brackets is equal to one,, we rewrite (9.7) as
Z ∞
0
−r(t0 −t) p2 (π̄; t )
e
Sqjt (t0 )(−dqit (t0 )) = S
(9.8)
p2 (π̄; t)
t
Z ∞
p2 (π̄; t0 )
0
e−r(t −t)
+S
(−r − Λ2 (π̄; t0 )) qit (t0 )qjt (t0 )dt0
p2 (π̄; t)
t
Z ∞
X
p2 (π̄; t0 ) t 0 t 0 0 0
p2 (π̄; t0 ) t 0
0
0
+S
e−r(t −t)
)qi (t )(qj (t )) dt −
Se−r(t −t)
qi (t )(−∆qj (t0 )).
p
(π̄;
t)
p
(π̄;
t)
2
2
t
t0 ≥ t :
∆qj (t0 ) 6= 0
i
0
X
−r(t0 −t) p2 (π̄; t )
t 0
t 0
−
Se
(−∆qi (t )∆qj (t )) .
p2 (π̄; t)
0
t ≥t:
∆qit (t0 ) 6= 0
∆qjt (t0 ) 6= 0
Adding (9.6) and (9.8) to the first integral in (4.16), we obtain
Vi (π̄, t; qit , qjt ) = S +
Z
×

∞

p2 (π̄; t0 ) 
(r(R − S) − 0.5Λ2 (π̄; t0 )C) qjt (t0 )
p2 (π̄; t)

−Φ(A, π̄, t0 ; tf (A, π̄, t0 ))(qjt (t0 ))0 qit (t0 )dt0

0

e−r(t −t)

t

+

−

X
t0 ≥ t :
∆qi (t0 ) = 0
∆qj (t0 ) 6= 0
X
t0 ≥ t :
∆qi (t0 ) 6= 0
∆qj (t0 ) 6= 0

0

e−r(t −t)

0

p2 (π̄; t0 )
Φ(A, π̄, t0 ; tf (A, π̄, t0 ))qit (t0 )(−∆qj (t0 ))
p2 (π̄; t)

Se−r(t −t)


p2 (π̄; t0 ) t 0
qi (t ) + ∆qit (t0 ) (−∆qj (t0 )).
p2 (π̄; t)

It remains to use the notation A = r(R − S)/C to arrive at (4.17).
9.5. Proof of Lemma 5.2. To prove (a), one can repeat the proof of Lemma 4.3
line by line.
(b) On the strength of Lemma 2.2, functions Λ1 (π1 (π̄, t∗2 (π̄, A)); t) and 0.5Λ2 (π̄; t)
have only one positive point of intersection at t = t∗2 (π̄, A), and
0.5Λ2 (π̄; t) > Λ1 (π1 (π̄, t∗2 (π̄, A)); t), t < t∗2 (π̄, A).
Since t∗2 (π̄, A) is a solution to (5.7), Λ1 (π1 (π̄, t∗2 (π̄, A)); t∗2 (π̄, A)) = A, and (b) follows.
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(c) It suffices to show that for all t ≥ t∗2 ,
p2 (π̄; t)
p1 (π1 (π̄; t∗2 ); t)
(A − Λ1 (π1 (π̄; t∗2 ); t)) <
(A − 0.5Λ2 (π̄; t)) .
∗
∗
p1 (π1 (π̄; t2 ); t2 )
p2 (π̄; t∗2 )

(9.9)

By (2.5),
p1 (π1 (π̄; t∗2 ); t) = 1 − π1 (π̄; t∗2 ) + π1 (π̄; t∗2 )p1 (1; t).
Substituting (2.6) for π1 (π̄; t∗2 ), it is straightforward to show that
p1 (π1 (π̄; t∗2 ); t) =

1 − π̄ + π̄p1 (1; t∗2 )p1 (1; t)
,
p1 (π̄; t∗2 )

(9.10)

in particular,
p1 (π1 (π̄; t∗2 ); t∗2 ) =

p2 (π̄; t∗2 )
1 − π̄ + π̄p1 (1; t∗2 )2
=
.
p1 (π̄; t∗2 )
p1 (π̄; t∗2 )

Therefore, (9.9) is equivalent to
(1 − π̄ + π̄p1 (1; t∗2 )p1 (1; t)) (A − Λ1 (π1 (π̄; t∗2 ); t)) < p2 (π̄; t) (A − 0.5Λ2 (π̄; t)) . (9.11)
Using (2.2) for the arrival rate Λn (π̄; t), it is straightforward to show that
0.5Λ2 (π̄; t)p2 (π̄; t) = Λ1 (1; t)π̄p1 (1; t)2 ;
Λ1 ((π1 (π̄; t∗2 ); t)) (1 − π̄ + π̄p1 (1; t∗2 )p1 (1; t)) = Λ1 (1; t)π̄p1 (1; t∗2 )p1 (1; t).
Therefore, (9.11) is equivalent to
Ap1 (1; t)(p1 (1; t∗2 ) − p1 (1; t)) < Λ1 (1; t)p1 (1; t)(p1 (1; t∗2 ) − p1 (1; t)).
Since p1 (1; t) > 0 and p1 (1; t∗2 ) − p1 (1; t) (because p1 (1; t) is decreasing in t), we have
that (9.11) is equivalent to
A < L1 (1; t),
which is true for because t > t∗2 , L1 (1; t) is increasing in t, and, by (5.7),
L1 (1; t∗2 ) =

A
> A.
π2 (π̄; t∗2 )

Hence (c) follows.
9.6. Proof of Lemma 6.1. Rewrite inequality (6.1) using the following steps. (i)
Use integration by parts to calculate the integral
Z T
Z T
−rt
−rT
re pn (π̄; t)dt = 1 − e pn (π̄; T ) +
e−rt ∂t pn (π̄; t)dt
0
0
Z T
= 1 − e−rT pn (π̄; T ) −
e−rt pn (π̄; t)Λn (π̄; t)dt.
0
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The second equality follows from the fact that
∂t pn (π̄; t) = π̄∂t pn1 (1, t) = −nΛ1 (1, t)π̄pn1 (1, t)
nΛ1 (1; t)π̄pn1 (1, t)
= −
· pn (π̄; t)
pn (π̄; t)
= −nΛ1 (1; t)πn (π̄; t)pn (π̄; t) = Λn (π̄; t)pn (π̄; t).
Hence, we can write
Se

−rT

Z

T

pn (π̄; T ) − S = −S

e−rt pn (π̄; t) (r + Λn (π̄; t)) dt,

0

therefore (6.1) is equivalent to
Z T

 
Λn (π̄; t)
−rt
sup
e pn (π̄; t) (R − S)
− r(C + S) dt > 0.
n
T >0
0

(9.12)

(ii) Using the definition (6.4) of A, rewrite (9.12) as

Z T
 
Λn (π̄; t)
−rt
e pn (π̄; t)
sup
− A dt > 0.
(9.13)
n
T >0
0
Let
1
Ân = Ân (π̄) = max Λn (π̄; t).
n t≥0
By (2.11), for every π̄ and every t > 0, Λn (π̄; t)/n is decreasing in n, therefore, for
every π̄, Ân (π̄) is decreasing in n. Hence, for every pair (π̄, A) there exists n0 such
that Ân0 (π̄) ≤ A, and Ân0 −1 (π̄) > A. Hence, inequality (9.13) does not hold for all
n ≥ n0 . Consider n ∈ [1, n0 ). Then equation
Λn (π̄; t)
=A
n
has two solutions t∗n (A, π̄) < t∗n (A, π̄), so that
Λn (π̄; t)/n − A > 0 ⇔ t ∈ (t∗n (A, π̄), t∗n (A, π̄)).
Hence
Z
t∗n (A, π̄) = arg max
T

T
−rt

e
0


pn (π̄; t)


Λn (π̄; t)
− A dt.
n

Now, we can rewrite (9.13) as




Z t∗n
Z t∗n
Λn (π̄; t)
Λn (π̄; t)
−rt
−rt
e pn (π̄; t)
− A dt +
e pn (π̄; t)
− A dt > 0. (9.14)
n
n
0
t∗n
Since Λn (π̄; t)/n is decreasing in n, t∗n is increasing, and t∗n is decreasing in n. Evidently, the second (positive) integral in (9.14) is decreasing in n, and the absolute
value of the first (negative) integral is increasing in n. If (9.14) is not satisfied for
n = 1, then n∗ = 1, and it is not optimal to experiment for any number of players.
Let (9.14) be satisfied for n = 1. If (9.14) holds for any n = n0 − 1, then n∗ = n0 .
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Otherwise, there exists a unique n∗ ∈ (1, n0 − 1) such that (9.14) holds for n < n∗ ,
and does not hold for n ≥ n∗ .

